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                  •  Repeated measurements                                                               enhanced                                                                          

                  •  Any interpolation problem!                                                                                                                                            

                  •  Any extrapolation problem!                                                          set size square                                                                   

                                                                                                         unset key                                                                         

               The data admit many solutions.                                                                                                                                              

                                                                                                         set border lc rgb "#4c566a"                                                       

               => Which solution(s) do we want?                                                          set tics textcolor rgb "#4c566a"                                                  

                                                                                                         set xlabel "a_1" textcolor rgb "#d8dee9"                                          

                                                                                                         set ylabel "a_2" textcolor rgb "#d8dee9"                                          

               ██ Simplest ill-posed problem                                                             set zeroaxis lc rgb "#434c5e"                                                     

                                                                                                                                                                                           

                                                                                                         set label "a_1 + a_2 = 1" at -1.3,1.2 tc rgb "#88c0d0"                            

                             y = a₁ + a₂                                                                 # set label "ridge cost" at 0.7,0.6 tc rgb "#5e81ac"                              

                                                                                                                                                                                           

                                                                                                                                                                                           

               Suppose we observe: y = 1.                                                                set xrange [-1.5:1.5]                                                             

                                                                                                         set yrange [-1.5:1.5]                                                             

               => What is the solution space?                                                                                                                                              

                                                                                                         set parametric                                                                    

                                                                                                         set trange [-2*pi:2*pi]                                                           

                                                                                                                                                                                           

                                                                                                         # data constraint: a1 + a2 = 1                                                    

                                                                                                         x_line(t) = t                                                                     

                                                                                                         y_line(t) = 1 - t                                                                 

                                                                                                                                                                                           

                                                                                                         # ridge circle radii                                                              

                                                                                                         r1 = 0.2                                                                          
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                                                                                                 shifted by +λ.                                                                            

                             â = argminₐ ‖Φa − y‖²                                                                                                                                         
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               Gaussian processes are naturally born ill-posed problem killers because              •  O(N³) inference cost                                                                

               hyperparameter optimization regularizes automatically. No need to choose Σ!          •  Inference quality depends on kernel...                                              

                                                                                                    •  ... but this can feel like black-box magic at times                                 

               Instead, costs are specified at a high functional level, not at the                                                                                                         

               amplitude level, and determine model properties such as:                                                                                                                    
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                                                                                                             graph-easy --from=dot --as_boxart << 'EOF'                                    

               ██ Hilbert-GP                                                                                 digraph {                                                                     

                                                                                                                 rankdir = LR;                                                             

               A stationary kernel is translation invariant, so it admits a spectral                             "Stationary GP" -> "ridge" [label="Hilbert!"];                            

               representation:                                                                               }                                                                             

                                                                                                             EOF                                                                           

                                                                                                                                                                                           

                             k(r) = ∫ S(ω) e^{iωr} dω                                                                                                                                      

                                                                                                          snippet +exec_replace is disabled, run with -X to enable                         

                                                                                                                                                                                           

               Hilbert-GP approximates this integral by regular quadrature. This results                                                                                                   

               in the following ridge regression model:                                                  gnuplot <<'GP'                                                                    

                                                                                                         set term pngcairo size 800,600 background rgb "black"                             

                                                                                                         enhanced                                                                          

                             f(x) = a₁ϕ₁(x) + a₂ϕ₂(x) + ... + aₘϕₘ(x)                                                                                                                      

                                                                                                         set border lc rgb "#4c566a"                                                       

                                                                                                         set tics textcolor rgb "#4c566a"                                                  

                             ϕₖ(x) = √(2/L) · sin(ωₖ x),   ωₖ = kπ / L                                                                                                                     

                               Σₖₖ = S(ωₖ)                                                               set xlabel "frequency ω" tc rgb "#d8dee9"                                         

                                                                                                         set ylabel "S(ω)" tc rgb "#d8dee9"                                                

                                                                                                                                                                                           

               So higher frequencies have higher cost => determines lengthscale and                      set xrange [0:10]                                                                 

               smoothness.                                                                               set yrange [1e-5:2]                                                               

                                                                                                         set logscale y                                                                    

                                                                                                                                                                                           

                                                                                                         # Legend                                                                          

                                                                                                         set key top right                                                                 

                                                                                                         set key tc rgb "#d8dee9"                                                          

                                                                                                         set key spacing 1.2                                                               

                                                                                                         set key box lc rgb "#4c566a"                                                      

                                                                                                                                                                                           

                                                                                                         set title "Kernel magnitude spectra (ℓ = 1)" tc rgb                               

                                                                                                         "#d8dee9"                                                                         
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                                                                                                          snippet +exec_replace is disabled, run with -X to enable                         
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                                                                                                          }                                                                                

                                                                                                          EOF                                                                              

                                                                                                                                                                                           

                                                                                                                                                                                           

                                                                                                          snippet +exec_replace is disabled, run with -X to enable                         
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                  •  Quantize them to quick ridge regression models which thusly acquire                     "Ridge regression" -> "Gaussian process"                                      
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