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What are Gaussian Processes?

A collection of random variables,
any finite subset of which

is @ multivariate Gaussian distribution.

http://www.gaussianprocess.org/




What are Gaussian Processes?

Gaussian Process Summer Schools

iudicium posterium discipulus est prioris

University of Sheffield since 2013
http://gpss.cc/




Notation: Wiki & Math vs. Machine Learning & Statistics

X~N(u=0,0%=1) X~N(u=0,0°=1)
. _ — (=52 . _ 1 =2
PDF.f(x)—m/ﬁe 2" o PDF.p(x)—Gme 2" o
EEXI= | x fCodx, BIXI= ) xp ELXI= | x pCodx EIXI= ) xp,
=0 =0
X~Ber(p) X~Ber(0)
PMF: Pr(X = k|p) = p*(1 —p)17* PMF: Pr(X = k|8) = 0%(1 — 9)17*

X=X, ..., Xn) X=(Xy, o, X))




Notation: Wiki & Math vs. Machine Learning & Statistics

X matrix of inputs € R™*? D={(x,y)i=1..,n}=Xy)

X={X, ..., Xn} y; € R, observation i of input x;,

X={x ) y € R", vector of observations
— 1, LR n

X, y training points (data)
X={X{, oer, X, }
X,, Vs test points (predictions)

D
x; vector € R X., V. test points (predictions)

X; element i of all inputs X

o vector, u scalar
x; element i of input x H H

xij= element i of inputj .
—— _U’



Gaussian aka Normal Distribution

Normal Gaussian Curve

Central Limit Theorem -

Y=aX+b

Y~N(au + b,a*c?) 03
_1(95__“)2

f(x) = e 2 o 01

oV 2T

X~N (‘u — O’ 0-2 —_ 1) _ _ # of Stan_dard Deviations Outside the Mean



Bivariate or joint Gaussian distribution 0 1
=l 2=,

p(X) = p(x1,Xz) = e e 2

LX) = [ xpeade,n =[] = oot :

0.00

Var[X] = E[(X — E[X])*]= o for univariate
Cov[xq, x5]= E[(x1 — 11) (X2 — 1)

211 212] [COV X1, X1 OV[X]_, Xz]]
C1Za1 Zp Cov([xz, X4] OV[Xz;Xz]

. 2 COV Xl, X2 p0-10-2 ) i : i _
N COV[XZ»Xﬂ ,00102 0,° .
R _U’




Bivariate or joint Gaussian distribution 0 1 06
“:[ ]’Z:[o.é 1]

p(X) = p(x1,Xz) = e e 2

E[X] = f+ooxp(x)dx L= ;] = [E[X;]] =

0.00

Var[X] = E[(X — E[X])*]= o for univariate
Cov[xq, x5]= E[(x1 — 11) (X2 — 1)

211 212] [COV X1,X1 OV[X]_, Xz]]
12y 2oy Cov|[X,, X4] ov[xz,xz] "
B 01 ° Cov|[ xl,xz P00, e a !
N COV[XZ»Xﬂ ,00102 0,° .
R _U’



Bivariate or joint Gaussian distribution 0 1 —08
“:[ ]’221—08 1 ]

p(X) = p(x1,Xz) = @ e 2

E[X] = f+ooxp(x)dx u= ;] = [E[Xl]‘

0.00

Var[X] = E[(X — E[X])*]= o for univariate
Cov[xq, x5]= E[(x1 — 11) (X2 — 1)

211 212] [COV X1, X1 OV[X]_, Xz]]
221 222 Cov Xz,Xl OV[Xz,Xz] )
B 01° Cov| xl,xz P00, = 1
a Cov[xz,xl] p0102 0,2 .
— _U’



Bivariate or joint Gaussian distribution

=[] 2=l 4]

Conditional Bivariate Gaussian distribution
X1 M e [Z11 2:12]
X - [XZIJM— [MZ],Z— 221 222
X, ~N (= 0,0,% = £;; = 1), marginal

p(xq) = fP(Xsz)dXz

(x11x; = )~N (L, X)

H= pg+ 20585, (@ — Up), 2= 511- 215255 2oy

(x1|x, = —=1D)~N(ji= —0.4, % = 0.64), conditional




Bivariate or joint Gaussian distribution 0 1 0
= [o]'Z N [0 1

Some samples, no correlation




Bivariate or joint Gaussian distribution 0 1 009
= [o]’Z - 10.9 1 ]

Some samples, highly correlated
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Bivariate or joint Gaussian distribution 0 1 0
= [o]'Z N [0 1

Some samples, no correlation, conditional x; = 1




Bivariate or joint Gaussian distribution 0 1 009
= [o]’Z - 10.9 1 ]

Some samples, highly correlated, conditional x; = 1

s




Multivariate Gaussian distribution

p(X) — p(X1JX2'X3JX4'X5) = ! e—%(X—p.)TZ_l(X—u)
J@Em?z|
e 047 Cov[xq1,%x,] Cov|[xy,x3] Cov|xy,x4] Cov[xq,xc]]
U Cov|[x,, X1 0y° Cov[x,,x3] Cov|x,,x4] Cov[X,,Xs]
uw=|H3|, X =|Cov[xs, x;] Cov|[x3,X,] 03° Cov[xs,x4] Cov|xs,Xs]
Ha Cov[xy,x1] Cov|[xy,x,] Cov|xy,Xs] 0,° Cov|[xy, X5
Hs- Cov[xs,xq] Cov[xs,x,] Cov[xs,x3] Cov[xs,x4] 05 *




Multivariate Gaussian distribution

1 1. 1
p(X) = p(X1,X2,X3,X4,X5) = e 2X W= (X -

J@2m2[Z|
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oo oo
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Multivariate Gaussian distribution

1 1. 1.
p(X) = p(X1,X2,X3,X4,X5) = e 2X W= (X -

J@2m2[Z|

1 08 05 01 07
0.8 1 08 05 0.1
,2=105 08 1 0.8 05
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.0 01 05 08 1
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Multivariate Gaussian distribution
Three observations: x; = 1,X, = 2,Xs = 5 = (X3, X4|X1, X5, X5 )~N (1, 2)
H= g+ 212222_1()( — ), e 91— Z:12222_1 2oq

subscript 1 for unobserved (X3, X, ), a.k.a. test points
subscript 2 for observations (x4, X,, Xs), a.k.a. data, a.k.a. training points

= w+K., 'K~ '(y — W), £=K..-K."K 1K,

5 5 5 5
4 a4 'l 4
3 3 3 3
2 2 2 2
1 1 1 1
1 2 3 4 5 b 1 2 3 H 5 2 1 2 3 4 5 3 1 2 3 4 5 % 1 2 3 4 5




Multivariate Gaussian distribution

Three observations: x; = 1,x, = 2,Xs = 5 = (X3, X4|Xq, X5, X ) ~N (i1, 2)

0 1 1 05 0
1y = H X = [g] Sz = [0.5 1 0.5], =[] =[x %]
0 .

0 05 1
0.06 0 0.06 05 0.06
212 =10.5 0.06 ,221 — 0 0.06 05
0.06 05 ' :

M=y + 212222_1@( — Uz), = X9 212222_1 X1 /\/

i=[y2 2= (02 o

(X3|X17 XZJXS)’VN(H =1.3 ’ GZ — 07); (X4|X11 XZJXS)NN(H = 2.6 ) GZ — 07)



Multivariate Gaussian distribution

Three observations: x; = 1,x, = 2,Xs = 5 = (X3, X4|Xq, X5, X ) ~N (i1, 2)

0 1 1 05 0
o= folos=[e] = os T osf =[5l = [k o
00 o 50 0 05 1 '
K.=|05 006K = [0'8 ° 00656 0(;056
0.06 0.5 ' ’ 5 | |
lj: U*"'K*TK_l(y T p‘) ) E:K**—K*TK_l K* : /\/
7 04 ° I 7 3 i 4

H= Biﬁ Z= [8:4 0.7

(X3]X1, X5, X5)~N(n = 1.3 ;0% = 0.7), (X4]X1, X0, X5)~N(n = 2.6 ;6% = 0.7)



Multivariate Gaussian distribution

Three observations: x; = 1,Xx, = 2,Xs = 5 = (X3, X4, Xg, -, X2g|X1, X2, X )~N ({1, 2)
3 data points, 25 test points = 28 dimensional Gaussian distribution

5 samples




Gaussian Process

Three observations: x; = 1,X, = 2,Xs = 5 = (X3, X4, Xg) «r» X28, - | X1, X2, X5 )~ N ({1, 2)
Infinite amount of test points, ji and ¥ become functions

5 samples F~GP(u(x), K (x,x"))




Gaussian Process

Three observations: x; = 1,X, = 2,Xs = 5 = (X3, X4, Xg) «r» X28, - | X1, X2, X5 )~ N ({1, 2)
Infinite amount of test points, fi and X become functions

5 samples F~GP(u(x), K(xx"))




Gaussian Process

Three observations: x; = 1,X, = 2,Xs = 5 = (X3, X4, Xg) «r» X28, - | X1, X2, X5 )~ N ({1, 2)
Infinite amount of test points, fi and X become functions

5 samples F~GP(u(x), K(xx"))




Gaussian Process

Three observations: x; = 1,X, = 2,Xs = 5 = (X3,X4, Xg, ) X2g) « | X1, X2, Xe)~N ({1, X)

Why this dip?




Gaussian Process

Four observations: x; = 1,X, = 2,X4 = 5,X5 = 5 = (X3, ... |X{, X2, X4, X5)~N ([, X)




Gaussian Process

Gaussian process is a stochastic process (a collection of random variables ), such that every finite collection
of those random variables has a multivariate normal distribution. It’s a distribution over functions.
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Gaussian Process pros and cons

Pros:

 Non-linear regression

 Non-parametric, let the data speak for itself
 Bonus: uncertainty interval

Cons:

e O(n3) in complexity
e  O(n?) in storage
 Kernel tuning



Bayesian Inference

Sum rule: p(4) = [ p(4,B) dB

Productrule: p(4,B) = p(B,A) = p(A|B)p(B) = p(B|A)p(4) s o 0 e
English mathematician

p(B|A)p(A) _ p(BlA)p(A) _ p(BlA)p(A) Presbyterian minister
p(B) / p(B,A)d | p(B|A)p(A)dA

Bayes rule: p(A|B) =

Hypothesis or model comparison:
_ p@H)pH) _  pD|H)p(H)
PUHID) = == 0y = Topopanan

likelihood X prior

Rediscovered by

pOSteriOI‘ = Pierre-Simon Laplace 1774

marginal likelihood (evidence)
—




Bayesian Inference

osterior — likelihood X prior
P - marginal likelihood (evidence)

Updated belief of Barack Obama's height

Prior belief of Barack Obama's height

Probability

Gaussian distribution is auto-conjugate

https://towardsdatascience.com/an-intuitive-guide-to-gaussian-processes-ec2f0b45c71d




Bayesian Inference

likelihood X prior

osterior =
p marginal likelihood (evidence)
n

n
Beta a+ZXi,,B+n—ZXi
i=1

=1
« Bin(8) X Beta(a, B)

o« 0% (1 —0)"F x 9*71(1 - 9)F!
e 9a+k—1(1 _ 9),8+n—k—1

Beta distribution is a conjugate prior to
the Binomial (Bernouilli) distribution

0 trials, 0 heads

z
1]
c
[}
D -

0.0 0.2 0.4 0.6 0.8 1.0

A H), Probability of Heads
10 trials, 8 heads

-

21

cL

@

ol

i 1 Il
0.0 0.2 0.4 0.6 0.8 1.0
A H), Probability of Heads
50 trials, 27 heads

>t

@ |

=

[

LS

. . . .
0.0 0.2 0.4 0.6 0.8 1.0

A H), Probability of Heads

https://www.analyticsvidhya.com/blog/2016/06/bayesian-statistics-beginners-simple-english/

2 trials, 2 heads

3 | /
=1 |
ol £l
@
oL |
0.0 0.2 0.4 0.6 0.8 1.0
P(H), Probability of Heads
20 trials, 11 heads

>l

@ |

c

Q -

D -

0.0 0.2 0.4 0.6 0.8 1.0

P(H), Probability of Heads
500 trials, 232 heads

> i

&1

<l I

@

&1

L ‘ y ) i
0.0 0.2 0.4 0.6 0.8 1.0

P(H), Probability of Heads




Bayesian Inference

likelihoo X prior

posterior =

When likelihood function is a discrete distribution | edit

Likelihood Model parameters Posterior hyperparameters Interpretation of hy rameters’
e distribution hyperparameters eliondin £ i
n )
Bernoull  (probaviiity) Bata o 8 atY m fen—3 5 @ — 1 successes, A — 1 fatures!™
= =
“ 0 " =
. - BetaBin(zlo, )
Binomial robability’ e 2 @ z, B+ ) N — = - 085S — 1 failuresi™e 1 i
! P (probabiity) Beta B + El 8 ZI [ Z‘ o —1 sucoasses; § —1 falu (beta-binomial)
n o = BetaNegBin(zlo', 8)
Negative binomial — 1 total ses, B — 1 faituresi™o= 1] xpeir B i
gk“\mm 3 w’?n s | o orcnatiny) Ty o “’E:" Btm « — 1 total successes, f — 1 failures (ie, —— experiments, assuming r S
S e = stays fixed) (Dot nen= e o
3 [ | 1 NB(z | k,¢)
k6 k+ ) =, k total occumrences in — intervals !
4 ,E; RS s (negative binomial)
Poisson A (rate) Gamma = 1
a+Y w, ftn a total oocurrences in B intervals L (2 1w )
= (negative binomial)
pl7 = L
(probability vector), k (number of categor + (Cryennycy), wh s the number of tions in !
Catagorical P (probability vector), k (number of categories; i e, size S - a+ (e, .. ,¢4), where ¢ is the number of observations i o e Tl
oip) calegory __@ta
Toatn
(probability vector), k (number of ries, | . i % | o
Muitinomial A ETDIE R AR e I e a at+Y x e — 1 occurrences of category Disduli(2 | o)
of p) = (Dirichlet-muttinomial)
Hypergeometric “ ,. "
knewn total popuiation M (number of target members) Beta-binomiall*! n=Na B a+ E x, B+ ZM = Z x & — 1 successes, 8 — 1 failures!™"
size, N = = =
3
Geometric Py (probability) Beta a 8 a+n, B+ Zra a — 1 experiments, 8 — 1 total failures”
=
When likelihood function is a continuous distribution [ edn;
Likelihood Model parameters Carylione pricy Prior Posterior hyperparameters Interpretation of h; rameters Posterior predictivel"™= ‘I
i distribution | hyperparameters ik i apes "
Normal mean was estimated from observations with total precision (sum of all individual precisions)1 /o3 and with sample ; =
5 ¢ (mean) Normal 2 g bl e, o ol
with known variance 62 s Ha, 7 mean g N (@103 + o)
Norma! mean was eslimated from observations with tolal precision (sum of all individual precisions)m and with sample iy X 1\
o (mean) Normal Moy T N(&| = +=]"
With known precision T mean gy 5T

Conjugate prior Prior

marginal likelihood (evidence)

Normal i e variance was estimaled from 2 observations with sample variance §c (.. with sum of squared deviations 28, |, o1 2 2oy
Invers: ¢ (|, = F fed )"
with known mean i 4 o where deviations are from known mean ) 2at (21
Normal R Scaled inverse chi- e
o (variance] , variance was estimaled from » observations with sample variance F 12
with kniown mean A squared »o ! ’ % (2l ef)
Normal pracision was estimated from 2a observations with sample variance 8/a (. sum of squared deviations 28,
T(precision) Gamma o &
With known mean i Y

https://en.wikipedia.org/wiki/Conjugate prior

Where deviations are from known mean yr)

tat (B | p0® = fod )




Gaussian Processes and Bayesian Inference

X, 9) pylDp(|Xx,0)  plylDp(flXx0) likelihood X prior
B p(y|X,0) fp(y|f)p(f|X 0)df  marginal likelihood (evidence)

p(f,f.|X,X,0)= N ([O] [KT KD

p(f.|X., X,y,0) = [ p(F., f|X., X, y) df = [ p(£.|f, X., X,0)p(fly, X, 0) df

p(fly, = posterior

p(f.]X..X,y,0) = M(K."K~'y,K..-K."K~1 K,)




Kernels

Squared Exponential
a.k.a. SE

a.k.a. RBF

a.k.a. EQ

a.k.a. Gaussian

1(|x-x’l)2

k(x,x") = oce 2\ 1

L S0-w™s 70w

p(X) = p(X1,X2,X3,X4,X5) =
J (2m)2 x|

0 1 08 05 01 0
0 08 1 08 05 01
u=10[,Z=|05 08 1 08 05
0 01 05 08 1 038
0 0 0.5

08 1

o’ =1
[=1

0’ = 0.5
[=1

o’ =1
[ =2

10
" s
o8
-2 2
06 \
N
0 0
04
& i
02
4 -
-4 -2 [ 2 4 L
[
=4 s
0
2 2
03
o 0 =
=
02
2 -2
01
4 -
oo
4 2 o 2 4 2




Kernels

o’=1 . : - LAA
Rational Quadratic =1 - ﬂ N\~
a.k.a. RQ a=1 - ; L

adding SE kernels 52 =1

with different lengthscales [ =1

a

x—x"\
k(x,x) =0%|1 +I |

2al’ | | .
=1 +> _p
k(xl "X:,)a—)ooz k(x, X,)SE l — 2 e | - 7?’;‘ A
a=10 - | .




Kernels

o’ =1
Matérn family | =
v=1/2 .
k(x,x") / ol

Y <\/Z|x — x’I)v . <\/E|x — x’|>

=0 12 10
I'(v l [ . : :
v) GZ =1 “ 4 . |
V=D +% l — : . ) Xk /
—lx=x] — / " Z = i
k(x, x')1/2 — GZe l V 3 2 ) . | p

a.k.a. exponential, a.k.a. Ornstein—Uhlenbeck

k(x,x,)3/2 =0 <1

) + \/§|x _ xll) _\/§|;f—x’| 12 | 10 d
———————————————— e 101 o8
! 02 =1 ! ,
V5|x —x'|  5|x —x'|?\ —V5lx=x| g N\ / \ﬁ
k(x,x)s52 = 0| 1+ l t——ap e T [ =1 ° L A =
k(x, x) 5772 = k(x,x)sg V= 5/2 " M e —— |




Kernels

Periodic
a.k.a. PER

k(x,x) = o?e 17




Kernels

Linear: k(x, ') = S0, 0%xa¥'y .i K
Constant a.k.a. Bias: k(x, x') = o? - .i _,

Many more: Laplace, cosine, neural net, polynomial, y-exponential, ...




Kernels

White Noise: k(x,x") = 025x,x’

k(x, X ) noise = k(x, x") + 072”L6x,x' W




Kernels

SE + PER .

SE x PER ’

SE + LIN ’




Kernels

PER + LIN

PER x LIN

LIN + (PE x SE)




Kernels

a.k.a. covariance function a.k.a. kernel function a.k.a. covariance kernel,
a.k.a. Gram matrix

x and x": vectors in a Euclidean space, graphs, images, discrete or
categorical inputs, text, ...

Stationary when depending on |x-x’|

Isotropic when same in all dimensions



Kernels

Additive across multiple dimensions, ARD a

f(x) ~GP(0, k,(x,x°) + ky(x,x'))

fxy, x3) ~GP(0, ky(xy,x;,") + ky(x3X,))
/ D X -
/ + \\ = .
f(x) ~GP(0, k1(X,X’) X kz(X,XI)) fil1) ~GP(0,k))  fal@2) ~ GP (0,ky) Fi(@) + fa(z2)
David Kristjanson Duvenaud, “Automatic Model
f(Xll XZ) ~Q:P(0/ kl(xllxl ,) X kZ(XZIXZ,)) Construction with Gaussian Processes”,

https://www.cs.toronto.edu/~duvenaud/thesis.pdf




Kernels

Complete model: LinxSE + SEx (Per + RQ) + WN
60 1
I AN
o | W vﬂr"ﬁ"
- |
Automatic Model Construction . |
. . |
with Gaussian Processes - i
. I
- |
1960 1965 1970 1975 1980 1985 1990 1996 2000 2008 2010
Long-term trend: LinxSE Yearly periodic: SE x Per
60 [
1 ]
40 !
1
20 | L
]
I
o |}
I 5
]
20 |
|}
40 .
1960 1965 1970 1978 1980 1965 1990 19958 2000 2008 2010 1984 1985 1986 1987 1988 1989
David Kristjanson Duvenaud Medium-term deviation: SE x RQ
4 ' 0s
University of Cambridg ;
]
! i
I
This dissertation is submitted for the degree o . l
Doctar of Philosophy I .
* 1960 1965 1970 1975 1980 1985 1990 1995 2000 20086 2010 s 1960 1065 |‘i‘70 1975 1980 1985 1990 19605 21;)0 2005 2010
Figure 3.4: First row: The full posterior on the Mauna Loa dataset, after a search of
depth 10. Subsequent rows: The automatic decomposition of the time series. The model
s is a sum of long-term, vearly periodic, medium-term components, and residual noise,
*embroke Collegg June 2014 . e . . - .
e w respectively. The yearly periodic component has been rescaled for clarity.




Kernels

Positive definite matrix (function), so it is invertible

a symmetric, n X n, real matrix K is positive definite
& zT'Kz > 0forall z € R™"\0
& all eigenvalues > 0

2 -1 O
-1 2 -1
0O -1 2

K — ATKz> 0 K= E i,zTKz=—2<O,forz=[_11]

In practice use Cholesky decomposition, add noise across diagonal
and solve system of linear equations
K=LL', K1 =hH L1




Kernels

Mercer’s Theorem (1909):
Any positive-definite kernel can be represented as the inner product between a

fixed set of features, evaluated at x and at x'.

k(x,x) = h(x)Th(x"



Kernels

Bochner’s Theorem (1959):

A continuous stationary function k(x, x’) = k(|x — x’|) is positive definite if and
only if k is the Fourier transform of a finite positive measure :

k[t] = fRe—iw dp(w)

Useful to prove the positive definiteness of stationary functions.

sin|x — x'| .
[ — x'|

4
3
2
1
02 0
-1
00
-6 -2 0 2 -20 -15 -10 -5 0 5 10 15

k(x,x") =




Kernels

Hyperparameter tuning via log marginal likelihood

_ pylHp(lx,0) pylHp(flX,0)
p (fly, X,6) = p(ylx,0)  [pQylHpflx,0)df

. likelihood X prior — posterior
 marginal likelihood (evidence) P

. 1 1, - 1 n
logp(ylX,0) = —-y K, ly —Elog|Ky| —~log2m
Combination of a data fit term and complexity penalty (Occam’s Razor)

Cross validation (k-fold or LOO-CV)




Kernels

2 — GPfit

Hyperparameter O = 1.,

=3

Broyden— T e
Fletcher—
Goldfarb—

Shanno . -
(l'BFGS) 0 P © @ o 160 0 2 0 ) & P 160

X
GP posterior

20
15 samples from GP
10

05

-05

=10

—GP TR

15 X sample points 15

02 =0.6 - 2
L ]

05 05

DIRECT =71 - .
L]

-05 05

-1.0 20

-1.5 a5

0 20 40 60 80 100 0 20 40 60 80 100

CMA-ES




Kernels

Kaggle example: Predicting Compressive Strength of Concrete
https://www.kaggle.com/pavanrajl59/concrete-compressive-strength-data-set

Cement g:z;‘ Fumace E:h Water Superplasticizer gg;::;aie ;g;egate Age gf{;s;;e SCUPIES NG
0 5400 00 0.0 1620 25 1040.0 676.0 28 79.99
1 5400 0.0 0.0 1620 25 1055.0 676.0 28 61.89
24 13325 1425 0.0 2280 0.0 932.0 5940 270 4027
3 3325 1425 0.0 2280 0.0 932.0 594.0 365 4105
4 1986 132.4 0.0 1920 00 978.4 825.5 360 4430

Model RMSE R Squared

Standard SE x Matérn3/2: RMSE 14.4
Optimized SE x Matérn3/2: RMSE 6.8
Standard SE + Matérn3/2 , with ARD: RMSE 8.1
Optimized SE + Matérn3/2, with ARD: RMSE 6.1
Standard RQ, but each one only active in one dimension: RMSE 6.8

Linear Regression 10.278166  0.625282

Ridge Regression 10.276215  0.625366

Lasso Regression 10.871002  0.580476

K Neighbors Regressor  9.144185  0.701923
Decision Tree Regressor  7.974669  0.778044
Random Forest Regressor  5.595289  0.889286
Gradient Boosting Regressor ~ 5.184161 0.904415

N OO AW N =S O

Adaboost Regressor  7.719348  0.783844

Optimized RQ, but each one only active in one dimension: RMSE 4.95

Variance, length scale and power plus overall noise optimized, 8 x 3 + 1 = 25 parameters




Classification and Non Gaussian Likelihoods

= = =posterior

(fly, X,0) = p(ylOpf|X.0) _ _pGlOHpEX.0) _ likelihoo X prior
PR 2, p(y|X,0) [ p(ylf)p(f|X,0)df marginal likelihood (evidence)

p(f.1X.X,y,0)~ N(f,|K."K 'y, K,.-K."K "' K.)

This assumes Gaussian likelihood (Gaussian distribution auto-conjugate)
in order to be analytically tractable (closed form solution)

_ pylHp(lx,0)  pylHp(flX,0)
p(fly. X, 0) = p(ylx,0)  [pylDHpflx,0)df




Classification and Non Gaussian Likelihoods

Binairy classification ~ Bernouilli likelihood
Classification as regression is called least-squares classification

GPy regression model fit

— GP fit
X sample points

10

05

0.0

-05




Classification — Non Gaussian Likelihoods

GP fit of latent function with Bernoulli likelihood

— GP fit
X sample points

10

Binairy classification ~ Bernouilli likelihood

Fit GP over latent f, then squash with logit or probit

00 02 04 06 08 10

p(£I1X.0X, ) = f p(£IX..X, ) p (£]X,y)df

Classifier prediction

T 2p (= 1K, X, y) = j o(£) p (F1X., X, Y)df,

probit g (z) = ®(z) = [° N (x]0,Ddx .

logit o(z) = = :

—— median GP likelihood




Classification and Non Gaussian Likelihoods

Exact GP fit of latent function f describing marathon pace in min/km, assuming a Gaussian likelihood

N - median prediction

Olympic mens' marathon gold medal *
winning times from 1896 to 2012 “
(recurrent GPSS example)

QOutlier at 1904 s

x x
Student’s t-distribution likelihood . -
1900 1920 1940 1960 1980 2000 2020
g Predicted median observations with 95% confidence intervals
—— median prediction
x actual It
95% confidence interval
50
g as
£
S
=
g
3 40
2
2
E
Y 35
2




Classification and Non Gaussian Likelihoods

Count data
. | M
yi ~ Poisson(yilA; = A(f;))  Poisson(yilA;) = ;—e™™
-Yi
Realizations of exp(f(x)) ® Observations 95% credible intervals for p(y* |y)
25
20 .
15
kel oo oo0 “.
> ° ® L G0 ® »
(] o o e o o
L] Lod L [
O .-. - ./ﬂ\- - - —
=5 0 5 10 15 20 25 30

Alan Saul, “Non-Gaussian likelihoods for Gaussian Processes”, GPSS15




Classification and Non Gaussian Likelihoods

p(fly, X, 0) = 2YIDpUIXE) _ _ pyIDp(IIX6)

p(ylx.0) [ pQIDpf|X,0)df
Approximations Sampling
 KL-Divergence Minimization, * Rejection
a.k.a. Variational Bayes, a.k.a.  Importance Sampling
KL-Method . MCMC
 Laplace Approximation . Metropolis (Hastings)
* Expectation Propagation . Gibbs

e Variational Bounds (KL-method
on each likelihood term)

Hamiltonian




KL-Divergence (a.k.a. relative entropy)

p(f)
KL(p(Dlq(0) = [ p(O) In__ = df

044 04

031 03

0.2 1 0.2

011 01

00 1 00

2000

1500

1000

500

— KL(pllq)
= KL(q||p)

0.0 05 10 15 20 25 30




KL-Divergence Minimization a.k.a. Variational Bayes

_ puiDp(IX.0) _ _pGIDpEIX.0) _ pdIX.6) [z, p(ylfD)
p(fly, X, 0) = p(y|X.6) | p(yIH)p(f|Xx,0)df Z
~ q(fly, X,0) = N (f|y,X)

. q()p(y)
=Ja®In & af

_ q(f) _ a®)
KL(g(®|lp(fly)) = | q(f) ln’p(f|Y) at = < np(f|Y)>q(f)

Inp(y) = (Inp(y|f))qe)- KL(g(®)|[p(£))+ KL(q(E)||p(f]y))
Inp(y) = (Inp(y|f))ge- KL(q(H)||p(f))

(

Fixed when varying g make big as possible becomes very small




Laplace approximation

Second order Taylor expansion around posterior mode

_ pylHp(lx,0)  plylHp(flX,0)
p(fly. X, 0) = p(ylx,0)  [pylDHpflx,0)df

p(fly, X,0) =~ q(fly, X,0) = N (f|u, )
0° Inp(y|f)

— — _1 _
L= ai%lg{lnaxp(yﬂ)p(le, 0),L=(K "+ IfOfT f
=




Expectation Propagation

Iteratively replace likelihood factors one by one with unnormalized Gaussian
At each step minimize KL-divergence (for Gaussian match moments)

n(fly, X, 6) = p(y|Dp(f|X,0) _ pylHp(|x.0) _ p1X6) 1, p(y,fi)

p(ylx,0)  [pylOHp(f|x,0)df 7
n — ~~ ~
p(f|X,0) Hizl t,(f:1Z, i, G;)

~ q(fly, X, 0) = N(f|,X) =

10 0.40 1

0354 — posterior
—— Expectation Propagaticn

0351

08
0.30 1

06 025 1

0.20 4

04 015 {

0.10 1
02

0.05 1

00

000 1
20 -15 -l0 -05 00 05 10 15 20 20 -15 -10 -05 00 05 10 15 20 20 -15 -10 -05 00 05 10 15 20

https://tminka.github.io/papers/ep/roadmap.html




Comparison

Directly lowering Can become overly Wide range
divergence confident !!!

LA Simple, fast Poor when mode When mode does
does not describe describe posterior well
posterior well (e.g. (e.g. Poisson)
Bernouilli)

EP Lends itself to sparse Slow, might not Binary data

approximations converge



LA vs EP

f(xy,x,) =5 Xsinx; Xsinx, + 0.05 X (2 X x; + x,)z — 0.1
- i Samples (e =0, red = 1)
. . . g = .. o '.' '
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f(xy,x,) =5 Xsinx; Xsinx, + 0.05 % (2 X x; +x,)2 — 0.1

fxy. xz)

X3

Samples (blue = 0, red = 1)
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Approximations for Large Datasets a.k.a. Sparse GP

Full GP regression

Sparse GP regression with 8 inducing variables

— GPfit
X sample points

—— sparse fit

X sample points

A random inducing locations
—— optimised sparse fit

A optimised inducing locations

00

02

04

06




Approximations for Large Datasets a.k.a. Sparse GP

G P are 0 (TLB) | Nncom p | eX|ty an d approximate generative model  methods employing exact generative model
2 . exact inference pseudo-data approximate inference
O(n*) in storage

div[p(f.y)||q(f.y)

divip(tly)|lq(f)

A Unifying View of Sparse
Approximate Gaussian
: : : oy e
uIinonero- n a
Family of approximations:

(FITC, PITC, DTC)

 Nystrom approximation, subset
of random data

A Unifying Framework for
Sparse Gaussian Process
Approximation using
Power Expectation

* Fully independent training i PR
Conditional (FITC)’ pseudo data’ FITC: Snelson et al. “Sparse Gaussian Processes using Pseudo-inputs”

PITC: Snelson et al. “Local and global sparse Gaussian process approximations”
EP: Csato and Opper 2002 / Qi et al. "Sparse-posterior Gaussian Processes for general likelihoods."

gradient optimization TG 7o Sevpe P et St Sy U S Sovatn oo Rression
e Variational sparse GP combines Richard E. Turner, “Sparse Gaussian Process

] Approximations”, GPSS17,
FITC with (power) EP http://gpss.cc/gpss17/slides/gp-approx-new.pdf




Bayesian Optimization — Active Learning

Bayesian Optimization: find min (or max) in unknown function ...
Active Learning: find whole picture of unknow function ...

... in as few steps as possible.
Exploration / exploitation trade-off

Kriging in geostatistics



Bayesian Optimization — Thompson sampling
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Bayesian Optimization

Aquisition function: Probability of Improvement

x = argmax PI(x),PI(x) = p(f(x) = Wpgx + &) = P(2),Z = pCx) _G?;Sax — ¢

T T
—_— = T T
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Bayesian Optimization

Aquisition function: Expected Improvement
x = argmax E(max{0, f;,1+1(x) — finax }|Dn)

() = s — OB + 0GP, if () >0 . () — ey — €
El(x)—{ 0,if o(x) = 0 7 = s

= Acquisition (arbitrary units| e

ition (arbitrary units) o S
op density gp density s o darly
2
2
i 2
1
g’ w $ l
= 5 .
& = =
0
a \ 0 \"./\-/
2 -1
4
3 -2 /
00 02 08 10 00 02 04 . 06 5 W

o
@

Acquisition (arbitrary units) 4 quisition (arbitrary units]
, 4 gp densi
3 3
2 2
2 2
1 1
E E E g
[} 0
9 0
- -1
1 -1
-1
’ N\ \
10

-2
-2
-3 -2
06 08 10 00 02 04 06 08 0 2 6 o8 00 0z 04 06 08
- X

10

Forrester function: f(x) = (6x — 2)? sin(12x — 4)




Bayesian Optimization

Aquisition function: Upper (Lower) Confidence Bounds
regret v(x) = fmax — [, cumulative regret Ry =r(x;) + r(xy) + ...7v(x7)
GP — UCB(x) = u(x) + /vB;o(x), exploitation / exploration trade-off
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Bayesian Optimization Example: logistic regression parameters

ho(x) =

1+e‘Z'Z =0y + O01x

10 sSsesScsss o = S - |t T=== == =
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Bayesian Optimization Example: logistic regression parameters

ho(x) =

1+e‘Z’Z =0y + O01x
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Active Learning in classification

f(xy,x,) =5Xsinx; Xsinx, + 0.05 %X (2 X x; + x,)%> — 0.1

fixy, xz) i Samples (blue = 0, red = 1)
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Nickisch H., Rasmussen C. E., Approximations for Binary Gaussian Process Classification, Journal of Machine Learning

Research 9 (2008) 2035-2078, http://www.jmlr.org/papers/volume9/nickisch08a/nickisch08a.pdf
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+ 0o

Bayesian Quadrature example J 0% dy ~ 7
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+00

Bayesian Quadrature example f e~ dx ~ 1,626

— 00




+00

Bayesian Quadrature example f e=* dx ~ 1,756
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Bayesian Quadrature example
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Bayesian Quadrature example

Where to sample next?
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+ 0o

Bayesian Quadrature example f e~ dx ~ 1 1.89, 2 0.14
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+00

Bayesian Quadrature example f e~ dx ~ 1 1.74, 6% 0.05
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+ 0o

Bayesian Quadrature example f e~ dx ~ 1 1.74, 6% 0.05

— 00

Aquisition functions: sample to reduce integral or integrand uncertainty, ...
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Bayesian Quadrature example J e~ dx ~ 1 1.7737, 62 0.0003
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Gaussian Processes and Neural Nets

Neural net corresponding to a GP

Fixed
Inputs Random
y hl
&3 7 N
. ‘ ; hz \ ¢
Iy N : : ) i f2

L3 ) f;

 hee

Net corresponding to a GP with a deep kernel

Fixed Fixed
Inputs Random
(A L%
T > - '. fi
B/ N A Q)
T2 ' ' 7 fa

T3 f3

( h{V) - h®

Figure 5.1: Left: GPs can be derived as a one-hidden-layer MLP with infinitely many
fixed hidden units having unknown weights. Right: Multiple layers of fixed hidden units
gives rise to a GP with a deep kernel, but not a deep GP.

David Kristjanson Duvenaud,
“Automatic Model Construction
with Gaussian Processes”,
https://www.cs.toronto.edu/~d

uvenaud/thesis.pdf




Deep GP v=7f& =fa02K)), f1~GP and fz’vg?»f:xzz;l’y

A neural net with fixed activation functions corresponding to a 3-layer deep GP

Fixed Fixed Fixed
Inputs Random Random Random
. B B2 1
0 - > (1 . s p(2 .~ (3
I A A L i ) ‘ ¢ fl( ) ‘ ) )
N o . g1 A :
z, 7 A ) S NA ) > N 5(3)
2 2 2
. ‘ g ' ") ' @
Ia \ , I3 \ v J3 .y » J3
> p(t (2 £1.(8
x hsx) f(l)(x) h(ac) f(l:j}(x) h(ac) y

A net with nonparametric activation functions corresponding to a 3-layer deep GP

Inputs GP GP GP
S EchC
I3 . ‘ @
x FO(x) F:2)(x) y

Figure 5.2: Two equivalent views of deep GPs as neural networks. Top: A neural network
whose every other layer is a weighted sum of an infinite number of fixed hidden units,
whose weights are initially unknown. Bottom: A neural network with a finite number
of hidden units, each with a different unknown non-parametric activation function. The
activation functions are visualized by draws from 2-dimensional GPs, although their
input dimension will actually be the same as the output dimension of the previous layer.

David Kristjanson Duvenaud,
“Automatic Model Construction
with Gaussian Processes”,
https://www.cs.toronto.edu/~d

uvenaud/thesis.pdf




Deep GP ¥ = f(0) = i(f00), fi~GP and fo~GP, fix 222>y

— GPfit
6 1 X sample points




Deep GP ¥ = f(0) = i(f00), fi~GP and fo~GP, fix 222>y

observable samples

— GPfit
X sample points

-2 4

— GPfit
X sample points




Deep GP ¥ = f(0) = i(f00), fi~GP and fo~GP, fix 222>y

Exact GP fit of latent function f describing marathon pace in

fk|

d Deep GP with 1 hidden layer(s) fit describing marathon pace in min/km
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Gaussian Processes and Stochastic Differential Equations

Gaussian processes ¥ SDEs

Kernel GPs under the kernel formalism
(moment)
f(t) ~ GP(0, x(t, t"))
y|f~]]py | f(1))
GP Flexible model Inference /

specification First-principles

Spectral State space Stochastic differential equations

(Fourier) (path)
df(t) = Ff(t) + LdB(t)

yi ~ p(yi | h#(t))

(Exact) inference of the latent functions, can be done in O(n) time and memory
complexity by Kalman filtering.

Arno Solin, Aalto University, http://gpss.cc/gpss19/slides/Solin2019.pdf




Software

Write your own

Gpy, GpyOpt, DeepGP by University of Sheffield

GPML by Carl Edward Rasmussen and Hannes Nickisch

C++, Python, Matlab, Octave, R, Tensorflow, sklearn, ...
DiceKriging, George, Block GP, Gpmat, mlegp, JMP, GPfit, [aGP, DACE, ...

Many more: http://www.gaussianprocess.org/#code
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