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What are Gaussian Processes?

A collection of random variables,
any finite subset of which
is a multivariate Gaussian distribution.

http://www.gaussianprocess.org/



What are Gaussian Processes?

Gaussian Process Summer Schools

iudicium posterium discipulus est prioris

University of Sheffield since 2013
http://gpss.cc/



Notation: Wiki & Math vs. Machine Learning & Statistics
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Notation: Wiki & Math vs. Machine Learning & Statistics
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Gaussian aka Normal Distribution

Central Limit Theorem
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Bivariate or joint Gaussian distribution
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Bivariate or joint Gaussian distribution
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Bivariate or joint Gaussian distribution
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Bivariate or joint Gaussian distribution

Conditional Bivariate Gaussian distribution
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Bivariate or joint Gaussian distribution

Some samples, no correlation



Bivariate or joint Gaussian distribution

Some samples, highly correlated



Bivariate or joint Gaussian distribution

Some samples, no correlation, conditional ଵ



Bivariate or joint Gaussian distribution

Some samples, highly correlated, conditional ଵ



Multivariate Gaussian distribution
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Multivariate Gaussian distribution
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Multivariate Gaussian distribution
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Multivariate Gaussian distribution
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Multivariate Gaussian distribution
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Multivariate Gaussian distribution
ଵ ଶ ହ ଷ ସ ଵ ଶ ହ
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Multivariate Gaussian distribution
ଵ ଶ ହ ଷ ସ  ଶ଼ ଵ ଶ ହ



Gaussian Process
ଵ ଶ ହ ଷ ସ  ଶ଼ ଵ ଶ ହ
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Gaussian Process
ଵ ଶ ସ ହ ଷ ଵ ଶ ସ ହ



Gaussian Process



Gaussian Process pros and cons

Pros:
• Non-linear regression
• Non-parametric, let the data speak for itself
• Bonus: uncertainty interval

Cons:
• ଷ in complexity
• ଶ in storage
• Kernel tuning



Bayesian Inference
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Thomas Bayes (1702 - 1761)
English mathematician
Presbyterian minister

Rediscovered by 
Pierre-Simon Laplace 1774



Bayesian Inference
୪୧୩ୣ୪୧୦୭୭ୢ × ୮୰୧୭୰

୫ୟ୰୧୬ୟ୪ ୪୧୩ୣ୪୧୦୭୭ୢ (ୣ୴୧ୢୣ୬ୡୣ) 

https://towardsdatascience.com/an-intuitive-guide-to-gaussian-processes-ec2f0b45c71d



Bayesian Inference
୪୧୩ୣ୪୧୦୭୭ୢ × ୮୰୧୭୰

୫ୟ୰୧୬ୟ୪ ୪୧୩ୣ୪୧୦୭୭ୢ (ୣ୴୧ୢୣ୬ୡୣ) 

https://www.analyticsvidhya.com/blog/2016/06/bayesian-statistics-beginners-simple-english/
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Bayesian Inference
୪୧୩ୣ୪୧୦୭୭  × ୮୰୧୭୰

୫ୟ୰୧୬ୟ୪ ୪୧୩ୣ୪୧୦୭୭ୢ (ୣ୴୧ୢୣ୬ୡୣ) 

https://en.wikipedia.org/wiki/Conjugate_prior



Gaussian Processes and Bayesian Inference
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Kernels

Squared Exponential
a.k.a. SE
a.k.a. RBF
a.k.a. EQ
a.k.a. Gaussian
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µ =

0
0
0
0
0

, Σ =

1 0.8 0.5 0.1 0
0.8 1 0.8 0.5 0.1
0.5 0.8 1 0.8 0.5
0.1 0.5 0.8 1 0.8
0 0.1 0.5 0.8 1



Kernels

Rational Quadratic
a.k.a. RQ

adding SE kernels
with different lengthscales
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Kernels

Matérn family
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a.k.a. exponential, a.k.a. Ornstein–Uhlenbeck

𝑘 𝑥, 𝑥′ ଷ/ଶ = σଶ 1 +
3 𝑥 − 𝑥ᇱ

𝑙
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𝑘 𝑥, 𝑥′ ହ/ଶ = σ² 1 +
5 𝑥 − 𝑥ᇱ

𝑙
+
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𝑘 𝑥, 𝑥′ வ/ଶ ≈ 𝑘 𝑥, 𝑥′ ௌா
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Kernels

Periodic
a.k.a. PER
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Kernels

Linear: ଶ
ௗ ௗ


ௗୀଵ

Constant a.k.a. Bias: ଶ

Many more: Laplace, cosine, neural net, polynomial, γ-exponential, …



Kernels

White Noise: ଶ
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Kernels

SE + PER

SE x PER

SE + LIN



Kernels

PER + LIN

PER x LIN

LIN + (PE x SE)



Kernels

a.k.a. covariance function a.k.a. kernel function a.k.a. covariance kernel, 
a.k.a. Gram matrix

x and x′: vectors in a Euclidean space, graphs, images, discrete or 
categorical inputs, text, …

Stationary when depending on |x-x’|

Isotropic when same in all dimensions



Kernels

Additive across multiple dimensions, ARD

f(x)  (0, k1(x,xඁ) + k2(x,xඁ))

f(x1, x2)  (0, k1(x1,x1ඁ) + k2(x2,x2ඁ))

f(x)  (0, k1(x,xඁ) x k2(x,xඁ))

f(x1, x2)  (0, k1(x1,x1ඁ) x k2(x2,x2ඁ))
David Kristjanson Duvenaud, “Automatic Model 
Construction with Gaussian Processes”, 
https://www.cs.toronto.edu/~duvenaud/thesis.pdf



Kernels



Kernels

Positive definite matrix (function), so it is invertible

In practice use Cholesky decomposition, add noise across diagonal
and solve system of linear equations
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Kernels

Mercer’s Theorem (1909):
Any positive-definite kernel can be represented as the inner product between a 
fixed set of features, evaluated at x and at x′.





Kernels

Bochner’s Theorem (1959):
A conƟnuous staƟonary funcƟon k(x, x’) = k(|x − x’|) is posiƟve definite if and 
only if k is the Fourier transform of a finite positive measure :

Useful to prove the positive definiteness of stationary functions.
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Kernels

Hyperparameter tuning via log marginal likelihood

Combination of a data fit term and complexity penalty (Occam’s Razor)

Cross validation (k-fold or LOO-CV)

 𝐲|𝐟  𝐟|,ఏ

 𝐲|,ఏ
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୪୧୩ୣ୪୧୦୭୭ୢ × ୮୰୧୭୰

୫ୟ୰୧୬ୟ୪ ୪୧୩ୣ୪୧୦୭୭ୢ (ୣ୴୧ୢୣ୬ୡୣ) 
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Kernels

Hyperparameter

Broyden–
Fletcher–
Goldfarb–
Shanno
(l-BFGS)

DIRECT

CMA-ES 
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ଶ
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Kernels

Kaggle example: Predicting Compressive Strength of Concrete 
https://www.kaggle.com/pavanraj159/concrete-compressive-strength-data-set

Standard SE x Matérn3/2: RMSE 14.4
Optimized SE x Matérn3/2: RMSE 6.8
Standard SE + Matérn3/2 , with ARD: RMSE 8.1
Optimized SE + Matérn3/2, with ARD: RMSE 6.1
Standard RQ, but each one only active in one dimension: RMSE 6.8 
Optimized RQ, but each one only active in one dimension: RMSE 4.95
Variance, length scale and power plus overall noise optimized, 8 x 3 + 1 = 25 parameters



Classification and Non Gaussian Likelihoods

This assumes Gaussian likelihood (Gaussian distribution auto-conjugate)
in order to be analytically tractable (closed form solution)
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୪୧୩ୣ୪୧୦୭୭  × ୮୰୧୭୰

୫ୟ୰୧୬ୟ୪ ୪୧୩ୣ୪୧୦୭୭ୢ (ୣ୴୧ୢୣ୬ୡୣ) 
posterior
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Classification and Non Gaussian Likelihoods

Binairy classification ~ Bernouilli likelihood
Classification as regression is called least-squares classification



Classification – Non Gaussian Likelihoods

Binairy classification ~ Bernouilli likelihood

Fit GP over latent f, then squash with logit or probit

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗

logit ଵ

ଵାష probit ௭

ିஶ



Classification and Non Gaussian Likelihoods

Olympic mens' marathon gold medal 
winning times from 1896 to 2012 
(recurrent GPSS example)
Outlier at 1904
Student’s t-distribution likelihood



Classification and Non Gaussian Likelihoods

Count data

Alan Saul, “Non-Gaussian likelihoods for Gaussian Processes”, GPSS15



Classification and Non Gaussian Likelihoods

Approximations
• KL-Divergence Minimization, 

a.k.a. Variational Bayes, a.k.a. 
KL-Method

• Laplace Approximation
• Expectation Propagation
• Variational Bounds (KL-method 

on each likelihood term)
• …

 𝐲|𝐟  𝐟|,ఏ

 𝐲|,ఏ

 𝐲|𝐟  𝐟|,ఏ

∫  𝐲|𝐟  𝐟|,ఏ ௗ𝐟

Sampling
• Rejection
• Importance Sampling
• MCMC

• Metropolis (Hastings)
• Gibbs
• Hamiltonian

• …



KL-Divergence (a.k.a. relative entropy)
 𝐟

(𝐟)



KL-Divergence Minimization a.k.a. Variational Bayes
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Laplace approximation 
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Second order Taylor expansion around posterior mode



Expectation Propagation
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Iteratively replace likelihood factors one by one with unnormalized Gaussian
At each step minimize KL-divergence (for Gaussian match moments)

https://tminka.github.io/papers/ep/roadmap.html



Comparison

Pros Cons When

VB Directly lowering 
divergence

Can become overly 
confident !!!

Wide range

LA Simple, fast Poor when mode 
does not describe 
posterior well (e.g. 
Bernouilli)

When mode does 
describe posterior well 
(e.g. Poisson)

EP Lends itself to sparse 
approximations

Slow, might not 
converge

Binary data



LA vs EP

𝑓 𝑥1, 𝑥2 = 5 × sin 𝑥1 × sin 𝑥2 +  0.05 × 2 × 𝑥1 + 𝑥2
ଶ − 0.1

LA

EP



LA vs EP

𝑓 𝑥1, 𝑥2 = 5 × sin 𝑥1 × sin 𝑥2 +  0.05 × 2 × 𝑥1 + 𝑥2
ଶ − 0.1

LA

EP



Approximations for Large Datasets a.k.a. Sparse GP



Approximations for Large Datasets a.k.a. Sparse GP

GP are ଷ in complexity and 
ଶ in storage

Family of approximations:
• Nyström approximation, subset 

of random data 
• Fully independent training 

conditional (FITC), pseudo data, 
gradient optimization

• Variational sparse GP combines 
FITC with (power) EP

Richard E. Turner, “Sparse Gaussian Process 
Approximations”, GPSS17, 
http://gpss.cc/gpss17/slides/gp-approx-new.pdf



Bayesian Optimization – Active Learning

Bayesian Optimization: find min (or max) in unknown function …
Active Learning: find whole picture of unknow function …
… in as few steps as possible.
Exploration / exploitation trade-off
Kriging in geostatistics



Bayesian Optimization – Thompson sampling

ଶ



Bayesian Optimization

Aquisition function: Probability of Improvement
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Bayesian Optimization

Aquisition function: Expected Improvement
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Bayesian Optimization

Aquisition function: Upper (Lower) Confidence Bounds

௫ ௫ ் ଵ ଶ ்

௧ , exploitation / exploration trade-off

ଶ



Bayesian Optimization Example: logistic regression parameters
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Bayesian Optimization Example: logistic regression parameters

ఏ ି௭   ଵ



Active Learning in classification

𝑓 𝑥1, 𝑥2 = 5 × sin 𝑥1 × sin 𝑥2 +  0.05 × 2 × 𝑥1 + 𝑥2
ଶ − 0.1

EP

LA

Nickisch H., Rasmussen C. E., Approximations for Binary Gaussian Process Classification, Journal of Machine Learning 
Research 9 (2008) 2035-2078, http://www.jmlr.org/papers/volume9/nickisch08a/nickisch08a.pdf



Bayesian Quadrature example ି௫²
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Bayesian Quadrature example ି௫²

ାஶ

ିஶ



Bayesian Quadrature example ି௫²
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Bayesian Quadrature example ି௫²
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Bayesian Quadrature example ି௫²
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Where to sample next?



Bayesian Quadrature example ି௫²
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Bayesian Quadrature example ି௫²
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Bayesian Quadrature example ି௫²

ାஶ

ିஶ

ଶ

Aquisition functions: sample to reduce integral or integrand uncertainty, …



Bayesian Quadrature example ି௫²
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Gaussian Processes and Neural Nets

David Kristjanson Duvenaud, 
“Automatic Model Construction 
with Gaussian Processes”, 
https://www.cs.toronto.edu/~d
uvenaud/thesis.pdf



Deep GP ଵ ଶ ଵ and ଶ
మ భ

David Kristjanson Duvenaud, 
“Automatic Model Construction 
with Gaussian Processes”, 
https://www.cs.toronto.edu/~d
uvenaud/thesis.pdf



Deep GP ଵ ଶ ଵ and ଶ
మ భ



Deep GP ଵ ଶ ଵ and ଶ
మ భ



Deep GP ଵ ଶ ଵ and ଶ
మ భ



Gaussian Processes and Stochastic Differential Equations

(Exact) inference of the latent functions, can be done in O(n) time and memory 
complexity by Kalman filtering.
Arno Solin, Aalto University, http://gpss.cc/gpss19/slides/Solin2019.pdf



Software

Write your own 

Gpy, GpyOpt, DeepGP by University of Sheffield 

GPML by Carl Edward Rasmussen and Hannes Nickisch

C++, Python, Matlab, Octave, R, Tensorflow, sklearn, …
DiceKriging, George, Block GP, Gpmat, mlegp, JMP, GPfit, laGP, DACE, …

Many more: http://www.gaussianprocess.org/#code
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