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Statistical Learning
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Composite Functions
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Neural Networks!

z € R?
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y = vq o(wshe) € R

Fonn(x) = Vi (Wi ---Vy0 (WaVio (Wix)))

1Recursive Generalised Linear Models 10




Neural Networks
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Neural Networks

e These methods shouldn't work

e they do as predictive methods
e Why?

e Parameter space suitable for local optimisation
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The Promise of Marginalisation

p(D) = / p(D | )p(6)d6
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12



The Promise of Marginalisation

p(D) = / p(D | )p(6)d6

e build models using all the benefits that compositional parametrisations
apparently gives

e interpretable biases

12



The Promise of Marginalisation

p(D) = / p(D | )p(6)d6

e build models using all the benefits that compositional parametrisations

apparently gives
e interpretable biases

e compositional uncertainty structures

12



Compositional Uncertainty ?
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2Ustyuzhaninov et al., 2020

13



"Bayesian Neural Networks"3

z € R?

y = vq o(wshe) € R

WNN(-,-)

3the worst of both worlds 14




Composite Gaussian Processes *

z € R?

“O ky,(z) eRM

hy = b] ki, () € R
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y = bd kyy(ho) € R

4Damianou et al., 2013 15
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Sparse Gaussian Processes
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Machine Learning

p(y) = / p(y | £)p(z)dz
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p(y) = / (lo)ple) =

p(ﬂy) qo(z) ~ p(z|y)
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Variational Bayes

p(y)
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Variational Bayes

log p(y)
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Variational Bayes

p(zly)
p(aly) ™

log p(y) = log p(y) + / o
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Variational Bayes

p(zly)
p(zly)

_ 9B x)lo p(x|y) &
— /q(x)log p(y)d +/q( Jlog p(l’|y)d

dz

log p(y) = log p(y) + / log
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Variational Bayes

log p(y) = log p(y) + / log igz:z; dz

_ / oo = / g(z)log BEW g,

p(z]y)
B og PEWPGY) 4
_/Q( Jlog p(z]y) ¢
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Variational Bayes

log p(y) = log p(y) + / log gg:zi dz

_ X Z )10, p(xly) L
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p(zly) p(zly)
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Variational Bayes
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Variational Bayes

log p(y) = log p(y) + /10 zg Iy§

) ) e PEY) 4
_/q( )log p( )d +/‘Z( ) gp(ac|y)d

o | o S
?q log d:z:—i—/q( )log p(x,y)dx—l—?q(x) log p(;w)dx

q(z)log —dx +/ (x)log p(z,y)dz + [ q(z) log p(i(;‘;)dx

q\x

19



Kullback-Leibler Divergence

KLa@lplaly) = [ ata) tog Has

Measure of divergence between distributions

Not a metric (not symmetric)
K L(q(2)[[p(z]y)) = 0 & q(x) = p(z]y)
KL(q(z)||p(z|y)) = 0
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Variational Bayes

log p(y) = / q(x)log N P / q(x)log p(z, y)dr + / q(x) log 1@ g,

q() p(zly)

> — / q(z)log g(z)dx + / q(z)log p(z,y)dx

e The Evidence Lower BOnd
o Tight if g(z) = p(x[y)
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Deterministic Approximation

log p(y) A yy

KL(ql|p)

L(q)
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How to choose Q7

L(q(x)) = Eqy) [log p(z,y)] — H(q(x))

e We have to be able to compute an expectation over the joint distribution

e The second term should be trivial
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£Z/£Q(:c)log (%)

5Damianou, 2015
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L= xq(x)log (M)

/
Z/q(x)log <p(y|f) p(f | =)p (w)))
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5Damianou, 2015
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L= / q(z)log p(y| f)p(flz)d fda

e Has not eliviate the problem at all, x still needs to go through f to reach the
data

e Idea of sparse approximations®

%Candela et al., 2005
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p(f,ulz,2)

e Add another set of samples from the same prior

e Conditional distribution

"Titsias et al., 2010
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p(frul|@,z) =p(f | u,z, 2)p(u | 2)

e Add another set of samples from the same prior

e Conditional distribution

"Titsias et al., 2010
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p(fiulz,z) =p(f | u,z,2)p(u | 2)
= N(f | K€ u Ky = Kpu Koy Kup)N (u | 0, Kow)

e Add another set of samples from the same prior

e Conditional distribution

"Titsias et al., 2010

26



py, frw, x| 2) =ply | fp(f | u,z)p(u | 2)p(x)

e we have done nothing to the model, just project an additional set of
marginals from the GP

e however we will now interpret w and z not as random variables but
variational parameters

e i.e. the variational distribution ¢(-) is parametrised by these

27



e Variational distributions are approximations to intractable posteriors,

q(u) = p(u |y, 2,z f)
q(f) = p(f [ u,z, 2,y)
q(z) ~ p(z | y)

Q
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e Variational distributions are approximations to intractable posteriors,

q(u) = p(u |y, 2,z f)
q(f) = p(f [ u,z, 2,y)
q(z) ~ p(z | y)

Q

e Bound is tight if u completely represents f i.e. w is sufficient statistics for f

q(f) = p(f | u, 2, 2z,y) =p(f | u,, 2)

28



- Dl Op(y,f,ylx,Z)
= / alDataos

29



A el oeP Y Sy 22)
£= [ anataogn s

= / (Nawg(@)ogP Y DU w2, 2p(u | 2
z,fu

q(f)gq(u)

e Assume that u is sufficient statistics of f

q(f) =p(f | u, 2, 2)
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(y | p(f | u,z,2)p(u | 2)
q(f)a(u)

[ = / N o(F)a(w)g(z)log?
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ply | fp(f | u, 2, 2)p(u | 2)
q(f)q(u)

E=1L%uﬂfM00dxﬂm
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— Ep s (8 | )] = KL(a(w) || pla
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L =Ep(flue Py | )] = KL(g(w) || p(u | 2)) — KL(q(=) || p(z))

Expectation tractable (for some co-variances)

Allows us to place priors and not "regularisers" over the latent representation

Stochastic inference Hensman et al., 2013

Importantly p(z) only appears in KL(- || -) term!
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Automatic Relevance Determination®

D
k(xi,X;) = e La @ (@ia=25.0)”

e allows for learning the dimensionality of the latent space

e allows for latent space factorisations of latent space

8Damianou et al., 2021; Lawrence et al., 2019
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Composite Gaussian Processes

19Damianou et al., 2013; Titsias et al., 2010
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Composite Gaussian Processes
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Composite Gaussian Processes

11Damianou et al.,, 2013
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Composite Functions
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Composite Functions
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Composite Functions
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Composite Functions
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Composite Functions
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Composite Functions
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Composite Functions
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Composite Functions
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Composite Functions
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Composite Functions
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Composite Functions
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Composite Functions
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Composite Gaussian Processes
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Composite Gaussian Processes
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Composite Gaussian Processes
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Learning




"A theory that explains everything, explains nothing"
— Karl Popper The Logic of Scientific Discovery
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Equivalence class

reR!

0 0 00 k) €RY

hy = bk (2) € RA

TeR?

: ) O 0 afwr) € RV 0-0 O

hy = v{o(wx) € RN
SO O O k() €RY

ha = bl k(1) € R

O O a(wsh) € RM
hy = vjo(wshy) € R

0 0O ofushy) € RV o= 0" O OO k() €R¥

el y=1vjo(wshs) €R y="blku(h2) €R

-FDNN(X) = VE (WL 000 VQTO' (Weri[‘U (Wlx)))

E []:DGP (X)] = BECUL ( o Bgcu2 (Brlrclll (X)))
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E [-FDGP (X)] = BECUL ( o B’2I‘C112 (Brlrclll (X)))

o [cu() €RM] = cov(f(),um) = k(- Wm)
[C uuGRMXM}m,m = cOU(Up, Uy ) = k(Win, Winr)
. [BGRMXP} = Cf;
g(u

(up) = Ny, )

uuﬂp
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Activated Gaussian Processes




Basis Functions

S =

65



12

Interdomain Gaussian Processes

e Sparse Gaussian Process

12| azaro-Gredilla et al., 2009 66
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Interdomain Gaussian Processes

e Sparse Gaussian Process

Um = f(wm)
[cu()],, = k(Wi -)

e Interdomain Gaussian Process
= Lm (f(+))
Uy = /f(x)gm(x)dx

[ca()]n = cov(um, f())

12| azaro-Gredilla et al., 2009 66



Zonal Kernels

T w

otw) = Illlwlo (E ) =l Iwlocostm)

Homogeneity

e Inner-product of two points on the unit-sphere
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e Inner-product of two points on the unit-sphere
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Zonal Kernels

XT %%
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Zonal Kernels

XT %%
o) =[xl (m—) — [xl|[wllo(cos(Brear))

Homo i ’ ’ w ”
geneity

e Inner-product of two points on the unit-sphere
e Zonal kernels

e rotationally invariant
e we can construct the RKHS

e eigenfunctions are the spherical harmonics
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Inducing Function

e Inducing Function

gm(+) S S5 R

Im (X) - O'(W;I;LX)

e Inducing output

. / F)gm(X)dz = (), gon (D)3
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Covariances

e Reproducing Property
(f, Ka())n = f(2)
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Covariances

e Reproducing Property
(f, Ka())n = f(2)

e Reproducing property for covariances

coV (U, f(x)) = (k(X,), gm)H = gm(X)
CO’U(Um, um’) = COU(<f: gm>’Ha <f: gm’>7‘£) = <gma gm’>7{
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Activated Gaussian Processes

E [-FDGP (X)] = BECUL ( o B’2I‘C112 (Brlrclll (X)))

® [cu(') € RM]m = cov (f()v um) = gm(')
o [Cuu € RMXM}m,m, = coV (U, Un?) = (G, I’ ) M
e [Be RMXP}p = Chult,
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Activated Gaussian Processes

Interdomain GPs allows for inducing functions rather than points (global)
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Activated Gaussian Processes

Interdomain GPs allows for inducing functions rather than points (global)

Basis decomposition RelLU functions are projections of spherical functions
(matching activations)

Access to RKHS allows for efficient computations using orthonormal basis
(spherical harmonics)

Combination Specify GP on sphere, use interdomain function to generate

activations

72



Experiments




Neural Net Fit Activated DGP Fit

1-Layer DGP

Neural Net Fit Activated DGP Fit

X1 X1
3-Layer DGP
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Image Classification

MNIST FASHION-MNIST CIFAR-10

—»— ADGP
—¥— Vanilla R
—— Dropout
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Summary




Prior long time established connection between NN and GPs
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Prior long time established connection between NN and GPs
Posterior finite basis function models

Activated GPs allows equivalence between composite GPs and GLM

75



Prior long time established connection between NN and GPs
Posterior finite basis function models
Activated GPs allows equivalence between composite GPs and GLM

Benefit exploit all the heuristics from NN in a model
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Vincent Dutordoir et al. (2021). “Deep Neural Networks As Point Estimates for
Deep Gaussian Processes”. In: CoRR
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